SINGULAR PARABOLIC PARTIAL
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BY
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Introduction. In this paper we consider the general operator
©.1) Qf) = Dy Dy + € (%,1) astsh,
n(t)y“o(t) ’ rn<xsr,.
In (0.1) for each t, u(t) = p, is a Borel measure defined on the Borel sets of
(ry,r3), o(t) = o, is a strictly increasing function continuous on (ry,r,), c(x,t) £ 0,
and c(x,t) is continuous in x on [ry,r,] for each te[a,b]. The generalized
derivatives D, and D,D,, are defined in §2. The operator Q(z) is, for each
te[a,b], a linear, but not necessarily bounded, operator. The purpose of this
paper is to present conditions on g, and o, such that given an initial value for
t = a and possible boundary conditions at r, and r, there exists a unique solution
of the equation
(0.2) u(50) = Do Doi(ist) + cu(xny 2= E=D
’ n()yZa(t)\ s > ’ rn<x<r,.

Four types of boundaries, regular, entrance, exit, and natural are considered.
These types are defined in §2. The boundary classifications of (0.1) for the o,
and p, independent of ¢t were formulated by K. Ité6 and used by H. McKean
[11] in accordance with W. Feller [4], and the boundary conditions (2.8) are
the generalized classical ones.

W. Feller [3; 2] has shown that for each t, Q(f) is a generalization of the
classical differential operator
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(See §2 for the pertinent details of this demonstration.) In (0.3) for each t, a(x,t) >0,
a(x,t) and b(x,t) are continuous in x on (r4,r,), c(x,t) £ 0, and c¢(x,t) is continuous
in x on [ry,r,]. The operators we consider are allowed to be singular in that
a(x,t) and b(x,t) are allowed to have discontinuities in x at the boundaries r, and
r, and a(x,t) may vanish at the boundaries. The boundary classifications are seen
to depend on the behavior of b*(x,t) = b(x,t)/a(x,t) and the boundary con-
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ditions are the classical ones. Our work exhibits conditions on the coefficients
of the equation

0.4 u(x,t) = Q) u(x,t)

which will guarantee the existence of a solution satisfying the classical boundary
conditions and uniquely determined by an initial value u(x,a).

Some advantages of the generalized differential operator (0.1) are discussed
by W. Feller [2] for the time independent case. The generalization has appli-
cations in probability theory and may be used to advantage even for completely
classical problems. As W. Feller has pointed out, the generalization achieves a
considerable simplification and unification of the theory. In applications one
frequently finds that for each t the coefficients of equation (0.4) have jump
discontinuities. In such cases one has to piece together solutions in various inter-
vals. But W. Feller [2] has noted that the simple expedient of writing the operator
Q(¢) in the form (0.1) reduces the whole to one single equation and eliminates
the laborious piecemeal work. A specific example of such a problem appears as
Example 4 in §8.

Equation (0.2) can be considered as a special case of the so-called equation of
evolution

(0.5)

m§)=Ammn a<t<h

d

where for each te[a,b], u(t) is an element of a Banach space X and A(f) is a
linear operator. We shall take as underlying Banach space X either C[ry,r,]
or a subspace of C[r,,r,] depending on the boundary conditions (Definition
(2.1)). The domain of our operator Q(#) also depends on the boundary conditions.
It is defined as the set of all fe X which satisfy appropriate boundary conditions
and which are such that Q(¢)f is itself in X.

T. Kato [9] has constructed the unique solution to the equation of evolution
subject to rather general hypotheses on A(?). In this paper we determine con-
ditions on the scale o, and measure y, which guarantee that Q(f) satisfies Kato’s
hypotheses. We supplant Kato’s set of hypotheses by a set of conditions which
are slightly stronger than Kato’s although somewhat more convenient for our
purposes. T. Kato [10] has anounced the solution of (0.5) under less stringent
conditions than those in [9].

Considerable work has been done by W. Feller [4], J. Elliott [1], and E. Hille
[7] in constructing elementary solutions for the classical operator (0.3) where
Q(t) = Q is independent of t and by H. McKean [11] for the generalized operator
(0.1) in the ¢ independent case. The elementary solution for Q(f) with time de-
pendent coefficients subject to a variety of conditions has been constructed by
W. Feller [5]. It appears that our conditions on b(x,t) are less stringent than
Feller’s as far as x is concerned but are somewhat more restrictive in ¢.
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The method of proof which we use excludes the possibility of using boundary
conditions which are dependent on t because in Kato’s hypotheses Dmn A(f)
is independent of ¢t and our DmnQ(f) depends on the boundary conditions.
Examples of particular operators Q(f) with coefficients b(x,t) having disconti-
nuities at boundaries but which still satisfy the conditions of our main theorem
are given in §8.

In §1 we state Kato’s theorem and give our conditions which supplant Kato’s
hypotheses. §2 is devoted to preliminary groundwork and the statement of im-
portant definitions and conditions. The development of our main theorem for
the reduced operator appears in §§3-5, and in §6 we indicate how these proofs go
through for the more general case in which c¢(x,t) is negative. In §7 we show in
detail how our main theorem applies to the special case of the classical operator,
and §8 consists of several specific examples.

I wish to express my gratitude to Joanne Elliott for suggesting this topic and
for her most helpful guidance.

1. Kato’s theorem. We wish to employ some of the main results in a paper
of T. Kato’s [9]. Before summarizing these results, it is convenient to make
some preliminary definitions.

DEFINITION 1.1. An operator A in a Banach space X is said to have property S
on X: (i) if Ais ajclosed linear operator with domain dense in X; (ii) if the resolvent
set of A includes all positive reals; and (iii) if ||(I —44)7'| <1fori>0.
Let the following conditions be given:

K,. A(¢) is defined for te[a,b] and has property S for each ¢.

K,. The domain of A(¢) is independent of t.

Ki. C(t,5) =[I — A®)][I — A(s)]"' is uniformly bounded; that is, there is

an M > 0 such that | C(1,s) | £ M for every s,t.

K,4. C(t,s) is of bounded variation in ¢ in the sense that there is an N >0

such that

él " C(tj,s) — C(t;—1,9) " =N

for every partition a =1ty <t; <--<t,=b of the interval [a,b], for
some s.

Ks. C(t,5) is weakly continuous in ¢ for some s.

K¢. For some s, C(t,5) is weakly differentiable in ¢ and the weak derivative
0C(t,s)/ 0t is strongly continuous in t.

The following theorem represents part of Kato’s results:

THEOREM 1.1. If conditions K{,K,, -, K¢ are satisfied, then there exists a
solution of the equation

dx(t)/dt = A()x(t) astZh,
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where for each te[a,b], x(t) is an element of a complex Banach space X
and A(t) is a linear operator in X. The solution is uniquely determined by the
initial value x(a) and is strongly continuously differentiable. Furthermore, if
the solution is formally given as x(t) = U(t,a)x(a), then U(t,t) =1 and U(t, r)
=U(t,s) U(s,r), r<s=t.

For our purposes it is convenient to supplant the hypotheses of Kato’s theorem
with the following set of somewhat stronger conditions:

C,. A(1) is defined for te[a,b] and has property S for each t.

C,. The domain of A(¢) is independent of ¢.

C,. C(t,5) =[I — A®][I — A(s)]™" is strongly continuously differentiable in ¢
for some s. That is, for some s the strong derivative C(t,s) of C(t,s) exists and is
strongly continuous in t.

This is accomplished by proving the following theorem:

THEOREM 1.2. Conditions C,, C, and C, imply Kato’s conditions K,K,,---,Ks.

Proof. It suffices to prove that conditions C,, C, and C; imply Kato’s con-
ditions K; and K,. The uniform boundedness of C(t,s) follows readily (cf. T.
Kato [9, pp. 215-216]). Futhermore, C(t,s) is of bounded variation in ¢ since
for some fixed s = so, | C(t,50) | is uniformly bounded in t.

2. Preliminary definitions. Let x be an element of the open interval (ry,r,)
and for convenience let 0 e (r,,r,). Let te[a,b] for a = 0. For each t let a,(x)
= o(x,t) be a strictly increasing continuous function—that is, an arbitrary scale.
For each t let u, be a Borel measure defined on the class of Borel sets of (r,r,)
and let u(x,t) = p,((0,x]) for x > 0, u(x,t) = p((x,0]) for x < 0 and u(0,t) = p,({0}).
u(x,t) is right continuous in x for each . u(x,f) is monotone, and we assume
1(x,t) to be strictly increasing for x > 0 and strictly decreasing for x < 0 so that
its discontinuities form a Borel set of measure zero.

Let fe C[ry,r,]. For each t and xe(r,,r,) define

e f(x+h) = f(x)
(2.1) D,/ (x) —hl_lgl 6(x + h) — 0,(x)

and at points of continuity of u(x,?) define

Dy f(x + h) — Dy) f(x)
p(x,x + h))

D:(‘)Da(‘)f(x) = llm+
h=0

and

D) f(x + h) = Dy f(x)
—p((x + h,x)) ’

Dp_(t)Da(t)f(x) = :in;__

(2.2) Du(t)Da(!)f x) = Du*(-t)Da(t)f (x) = D;(t)Dc(t)f (x).
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At points of discontinuity of u(x,t) define

Dy)f(x+) — Dy f(x—)
M+, — p(x—,0

Of course D, f is continuous with respect to y, when D, D, f exists. The only
possible points of discontinuity of D, f are the points of discontinuity of p,.
For convenience we will assume that D, f(x) is continuous to the right for
X€ [r 1,7'2]-

Let Q) f(x) = DyyDy(ey f (%) + c(x,8) f(x), where for each ¢, ¢(x,t) =0 and is
continuous in x on the closed interval [r,, r,]. The domain of Q(f) will be defined
below. We wish to consider the equation

4 u,(x,t) = Qu(x,1).

(2.3) Du(t)Da(t)f (x) =

To that end let us classify boundaries and define the classical boundary con-

ditions.
As a preliminary to classifying the boundaries, let us imitate H. P. McKean

[11] in defining(*)

(2.5) J(® =(-1) 'i(l — c(x,0))u(x,Hdo,

and °

(2.6) K = (—1)‘J‘” a- c(x,t))la(x,t)ld;t, for i =1,2.
0

For future use note that for each ¢

K(1) < + o0 > KP() = (= 1) f "l ote) | di
0

Q.7
<+ —»(—l)“fndu, <+ ©
1]
and
(2.8) J(0) < + 0> X)) = (-1 J; u(x,b)do,

ri
<+ oo—»(—l)‘f do, < + 0.
o

Here the K(t), K)(t), J(t) and JO(t) are all non-negative for i = 1,2; and of course
if c(x,t) = 0, Ki(t) = K2(¢) and J(t) = J(t). As suggested by W. Feller [4] and H.
P. McKean and K. Itd [11], we now classify boundaries as follows: where
i=1or2,

(1) Throughout this paper the notation fxz f(x,t)du, is used for the integral over the
semi-open interval (x,,x,].
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[r; is regular] « [for each t, J(f) < + o0 and K(f) < + o],
[riisexit]  « [foreacht, J(f) < + oo and K(f) = + ],
[r; is entrance]— [for each t, J(f) = + oo and K|(f) < + 0],
[r; is natural] « [for each ¢, J(t) = + oo and K,(t) = + «].
Define the classical boundary conditions as follows: where i =1 or 2 and
p;€[0,1],
lim {(1 — p)u(x,t) + (— 1) p;D,yu(x, )} = 0 for r; regular,

x=ri

(2.9)

lim u(x,t) =0 for r; exit,

xrri
(2.10) lim D,u(x,t) = 0for r; entrance,

xXri
lim wu(x,t) =0 for r; natural.

Xri
DEerINITION 2.1. For each ¢t we associate with the operator Q(f) a Banach space
X given by: (i) C[ry,r,] if r; (i = 1,2) is entrance or regular with p; # 0 in (2.10);
(i) the subspace of C[r,,r,] of functions vanishing at r; if r; is regular with
p; = 01in (2.10) or if r; is exit or natural.
We may now precisely define the operator Q(¢) as follows: if

(2.11) Q(f) = Dy Dogry + (%, 1),

then Domain of Q(t) is the set of all ue X such that u(x) satisfies the boundary
conditions prescribed for the type of boundaries in question and such that(%)

Q) ue X.
Special Case. For each t the operator
d’ d
(2.12) A(t) = a(x,1) FRe) + b(x,t) M + c(x, 1),

is a special case of (2.11) when a(x,t) >0, a(x,t) and b(x,t) are continuous for
x€(ry,ry), and c¢(x,t) £0 and continuous on [ry,r,]. This was shown by W.
Feller in his paper On second order differential operators [3]. (See also W.
Feller [2].) In particular consider the so-called reduced operator

2
A(t) = a(x, 1) ;—xi + b(x, 1) 7‘1— .
If b(x,t)/a(x,t) = b*(x, 1), and if
(2.13) B(x,?) =J b*(s, t)ds,
0

then by choosing
(2.19) o(x, 1) = f e Bt gs
o

(2) Q(1)ueX by virtue of the fact that Q(t)ueC(r,,r,), limy,, Q(t)u(x) = L, exists finite,
and Q(¢)u(r,) is defined as L.
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and
— * 1 B(s,t)
(2.15) ulx,t)= + J; 6.0 e ds,

according as x > 0 or x <0, the reduced operator is readily seen to be of the
form DD, ,. Examples of the reduced operator with specific coefficients will be
presented in §8.

The following lemma is of fundamental importance. It was proved for the
operator

A(t) = a(x, t) +b(x,t) d + c(x, t)

by W. Feller [4]; H. P. McKean [11] used direct analogy with Feller’s proof to
establish the lemma for the operator (2.11).

LemMA 2.1. For each te[a,b] let 6(x) =o(x,t) be a strictly increasing
continuous function. For each te[a,b] let u, be a Borel measure defined on the
Borel sets of (ry,r,), and let u(x,t) = p (0, x]) for x > 0 and pu(x,t)=p,((x,0]) for
x < 0. Assume u(x,t) is strictly increasing for x >0 and strictly decreasing
for x <0. Let c(x,t) <0 be continuous in x on [ry,r,] for each te[a,b].
Then in all boundary classifications condition C, holds for the operator (2.11),
that is, (2.11) is defined for te[a,b] and has property S on X for each t.

Throughout this entire paper we shall assume that the following condition is

true:
A. For each te[a,b], p, and o, are differentiable with respect to u, and a,
respectively. That is, the derivatives

dat = lim a,(x + h) - a,(x)
das h—0 as(x + h) - s(x) ’

d _ o i )
dps  poo ”s((x’x + h))

at points of continuity of u(x,s),

and

dp, _ p(x*,0) — p(x~ 1) . .

—— = at points of discontinuity of u(x,s) exist.

du, ~ wxt ) —pixem,s) P f f
In addition to condition A stated above, future reference will be made to several
other conditions on g, and o,. These conditions are stated in terms of()

do,
@.16) #0525, = Gh - Duo ) =Dyt

() Iffort,sela,b],f(x,t,s)is continous in x on [r, r, ], then for each ¢,s, f(x,¢,s) defines a vector-
valued function froma < s < b,a < t < bto Clr,,r,]; and we denote the value of the function
by f(-,t,5) s0 f(-,¢,5) is an element of C[r,,r,]. In particular, (2.16) and (2.17) define the real-valued
functions @(-,s,t) and y(-,s,t).
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_ du,  do,
(2.17) Y(x,s,1) = . do.
@.18) Clt,s) = [1 - QW] - ],
2.19) F(s,x) =[I — Q(s)] " 'f(x).

For the convenience of the reader we shall conclude this section with a list of the
other conditions on g, and o, to which we shall refer in the sequel.
B. For each se[a,b], y, is differentiable with respect to o, that is,

d/'ls = 1 us(xrx + h)
do.s h=0 as(x + h) - O'S(X)

exists. (Note that B implies that y, is a continuous measure.)

C. yY(-,s,0)eC[ry,r,]foreacht,se[a,b]. ¢(,s,f)e X foreacht,se[a, b].(*)

D. c¢(-,t) is nonpositive for each ¢t and ¢(-,1) is a strongly continuously dif-
ferentiable function from [a, b] to X.(°)

E. For some s =sq, Y(',t,5) and ¢(-,t,5,) are strongly continuously dif-
ferentiable functions from [a, b] to X.

F,. (i=1,2). lim,,, ¢(x,s,u(x,t) = 0 for each s,t€[a, b].

F,. For each s,t, do,/da is continuous at points of discontinuity of u(-,?).
(Note that since condition A is assumed, if ¢(-,s,t)e X, condition F,
implies that da,/do is continuous everywhere on [ry,r,].)

G;. There exist positive constants m and M independent of s such that for some
x;€[0,r), m < |ay(r) — o (x)| <M.

H. Eis true and ¢*(-,t,s) = ¢(,t,s)u(-,s) is a strongly continuously dif-
ferentiable function from [a, b] to X for some s =s, with ¢*(:,¢,50) =
& (*51,50) 1" 550)-

J. Eistrue and ¢(-,1,50)u(,so) € X for each t.(°%)

3. Conditions under which domain of D, D, is independent of ¢. In this
section and through §5 we shall assume that c(x, t) = 0 so that (0.1) is the reduced
operator () = D,,D,,- Let us now exhibit conditions under which the domain
of Q(t) = DD, is independent of ¢ for various types of boundary combina-
tions.

(4) A function g will be considered to be in X if geC[r,,r,}and if lim, -, g(x) exists and has
the appropriate value as specified in Definition 2.1.

(5) The vector-valued function c(-,¢) is a strongly differentiable function from [a, b] to X if,
and only if, there exists a function c.(,t)€ X such that limy-o maxyerr,,r,] | (c(x, t + h)
— e, Vh—ex, 1)] = limposo || (cCo, 1 4+ B) = ¢Co, )h—e-, 0| = 0. e+, )is strongly
continuous if, and only if lim;— s, MaxXxer,,r,1| C(x 1) —clx, to) | = limy~¢, " e+, 1) —cl, 1) l
=0.

(6) Note that H—J and H—E.
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LeMMA 3.1. If both boundaries are regular, both are entrance, or one bound-
ary is regular and one is entrance, conditions B, C and F, imply condition C,:
the domain of Q(t) = DD, is independent of t.

Proof. It suffices to show that ue DmnQ(f) implies that ¥ € DmnQ(s) for
t#sandt,se[a,b]. Let

3.1 Q) =feX.
We have
Q(s)u = DDyt

(32) = 2Dy Pucot)

_ .do,

- d_ﬂs Dn(t) (Dc(t)“ da,)'
So
(3.3 Q(s)u(x) = Y(x,s, 1) Q)u(x) + §(x, s, ) * Dyrye(x)
or
(3.4) QE)u = Y(-,s5,)f + ¢(*, 5, )Dyeyu.

Since Y(-,s,t)eC[ry,7,] and fe X by hypothesis, the problem of showing
that the Dmn Q(z) is independent of ¢ reduces to that of showing that ¢(-, s, {)D,qyu
is an element of X. Let us obtain a convenient expression for ¢(x,s, #)D,u(x)
by considering the differential equation (3.1). This equation may be written

@3.5) Dn(t)Da(t)u(x) =f (x)

We may integerate over (0,x] where x €(r,,r,) and obtain

(3'6) ¢(x9 S, t)Da(t)“(x) = ¢(x’ S, t)Dc(t)u(O) + ¢(x’ S, t)f f(y)d/"t .
0

Since f e X, the function defined for each s,¢ by the second term on the right of
(3.6) will be continuous on the open interval (r,,r,) if we can show that

¢( ‘s S, t)/‘( i) t) € C(rl’ "z)
for each s,t. With that aim in mind, note that ¢(-,s,f)u(:,?) is continuous on
(ry, r,) except possibly at points of discontinuity of u(-,f). These discontinuities
form a countable set of jumps and since du,/dyu, exists, for each t# s u(-, ) and
u( -, s) are discontinuous at the same points. By definition

d do,
¢(X’ S, t) = % ' Du(t) (a;:)

do,
- Dol goo):
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but by hypothesis do,/do, is continuous at points of discontinuity of u(-,t) and
hence of u(-,s) so ¢(x,s,t) =0 at such points. It follows that for each s,t¢,
o(-,s,0)u(-,t)e C(ry,r,) and the function defined by the second term on the right
of (3.6) is in C(r,,r,). The function defined for each s, ¢ by the first term on the
right of (3.6) is in X by hypothesis. Consequently ¢(-,s,)D,,u is continuous
on the open interval. To show that ¢(-,s,t) D,,u is actually in X, we have
only to show that lim,.,,, [5f(») du, exists. This is clearly true since K,(f) < + o
for r; regular or entrance; and K(f) < + oo implies (— 1)° [§* dy, < + oo which
in turn implies that for feC [ry, 2], (=1 [§'| £ (») | du, < + 0. Thus
&(, 5,1)D,yu € X, and it follows that Q(s)u € X.

The argument just used to show that ¢(-, s, t)D,u is in X breaks down if r; is
an exit or natural boundary since K;(t) = + oo in these cases. Consequently we
shall need to impose an additional condition on ¢(-,s,?) for exit or natural
boundaries. This gives rise to the following lemma.

LemMA 3.2. () If both boundaries are exit, both are natural, or one boundary
s natural and one is exit, conditions B, C, F,, F, and F; imply condition C,:
the domain of Q(t) = D,4)D,(,) is independent of t.

(b) If r; is natural or exit and if r; (i#j; i,j = 1,2) is regular or entrance,
conditions B, C, F,, and F; imply condition C,: the domain of Q(t) = DDy
is independent of t.

Proof. For ue DmnQ(¢), let Q(H)u = fe X. Then as in the proof of Lemma
3.1, we have equations (3.4) and (3.6). Again examination of the right member
of (3.6) shows that we have ¢(-,s,)D,,u continuous on the open interval. The
function defined for each s,t by the first term on the right of (3.6) is an element
of X by hypothesis. Moreover, if F; is true, for each s, t the function defined by
the second term on the right of (3.6) is also an element of X. Thus in all boundary
classifications, conditions B, C, F,, F, and F; imply that the domain of Q(f)
= D, x)Ds(r) is independent of ¢.

If r; happens to be regular or entrance and r; (i # j) is exit or natural, however,
we need only the conditions B, C, F, and F; to prove the domain is independent
of t since we saw in Lemma 3.1 that ¢(-,s,?)D,u is forced to be continuous
at a regular or entrance endpoint by conditions B and C.

4. Conditions implying C, for regular and/or entrance boundaries with reduced
operator Q(f) = D,,D,,,- Now let us consider the operator C(t,s) = [I- Q@]
-[7-Q(s)]"! and for various combinations of boundaries let us exhibit conditions
implying condition Cs: C(t,s) is strongly continuously differentiable in t for
some s when Q(t) is the reduced operator D, Dy ).

First note that if DmnQ(¢) is independent of ¢, then for each ¢ and each s,
C(t,s) is an element of E(X), the Banach algebra of endomorphisms on X. The
boundedness follows from Lemma 2 of T. Kato [9], and fe X implies that
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C(t,s)fe X since F(s,*) =[I —Q(s)]~f is an element of DmnQ(s). Also note
that for f € X, C(t,s)f can be expressed as follows:

@1 Ct,9)f = F(s,") = Y(-, 1, )Q)F(s, ) — ¢( -, 1,5)Dy5)F (s, *)
(4°2) = F(S, ') - 'l/( st S) [F(S, .) —f] - ¢(' ’ t,S)D¢(s)F(S, ')'

Assuming that the strong derivatives y(-,t,s) and ¢,(-,t,s) of Y(-,t,s) and
¢(+,1,5) exist for some fixed s, define the operator C(t,s) so that for the fixed s,
43) Clt,)f = =Y (-, t,)[F(s,") = f1 — b(*,1,8) Dy F (s, ) -

The object of the next two lemmas is to show conditions under which this operator
C(t,s) is actually the strong derivative of C(t,s) with respect to ¢ for the fixed s
and is strongly continuous.

LemMa 4.1. If Q(t) = DD, and both boundaries are regular, both are
entrance or one boundary is regular and one is entrance, conditions A, B, C,
E, F; and J imply condition C5: C(t,s)=[I1 — Q)] [I — Q(s)]"* is strongly
continuously differentiable in t for some s.

Proof. Fix s at the value for which (-, t,s) and ¢«(-,¢t,s) exist as assumed
in E. First we shall show that C,(¢,s) as defined in (4.3) is actually an endomor-
phism on X, for each ¢t and some s. Then we shall show that C(t, s) is the strong
derivative of C(t,s) with respect to t for our fixed s and is strongly continuous.

To show that C(t,s) is bounded, consider equation (4.3). Notice that the first
term on the right of (4.3) is bounded for each ¢ and the fixed 5. Indeed || (-, 1,5) |
is bounded in ¢ and for fe X,

4.4) I ) [FG, ) = 1] 22| w5 69 |- | f]]
inasmuch as Q(s) has property S on X. To complete the proof that C(t,s) is
bounded for each ¢, we show that for each ¢ and our fixed s there exists a con-
stant K(s) > O such that
(45) " ¢'( i S)Da(s)F(s’ ) " é K(S) "f" .
To this end let us obtain a convenient expression for D,,F(s,*) by integrating
the equation
(46) Du(s)Da(s)F(s’ X) = F(S, X) —f(X)
over (x,r,] (analogous considerations may be made for ;). We have
r2

@7 DP9 = lim DyF(s%) = [ TFG,3) = F) -

X ry x
In (4.7) lim,,,,D,,F(s, x) exists because r, is either regular or entrance. There
exists a positive constant N,(s) such that for our fixed s, the second term on the
right of (4.7) clearly satisfies the inequality

@8) [ TR - 01

S N, f]
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inasmuch as | F(s,*) | £ || and (- 1)’ [§'dp, exists finite. To show that the
first term on the right of (4.7) satisfies a similar inequality, let us obtain an ex-
pression for D,,F(s,x) by writing out the solution of the nonhomogeneous
equation (4.6) in terms of the Green function and then differentiating with res-
pect to o,. From H. McKean [11] (analogue of W. Feller [4]) we have

4.9 F(s,x)=| G(x,y;5)f(y)dp,
where 1
uy(x, s)uy(y,s)
G(x,y;s) = 1 2 f =
4.10) (x, y:5) o(uy(y,s), u(y,s)) orrex
ul(y, S)“z(xs S) fOl' y <Xx.

= 0uy(,9), 4,(0,9))

Here (i) u, is positive strictly increasing and u, is positive strictly decreasing,
(ii) u, and u, are solutions of the homogeneous equation [I —Q(s)]u =0,
(iii) u; satisfies regular or entrance boundary conditions depending on whether
r, is regular or entrance, and (iv) lim,.,, D,u(x,s) < + . Moreover from
W. Feller [3] we learn that the wronskian w(uj(y,s),us(y,s)) = Dty (X)u;,
— u,D,,yu(x) is a positive constant k(s). Without loss of generality we can
consider the wronskian w(u,,u;) to be normed so that k(s) = 1. Therefore,

x r2
(4'11) F(S, x) = “z(x, S)f “1()” s)f(y)dﬂs + ul(x’ S)f “2(}’, s)f(y)dﬂs'
Now we can compute D, F(s, x) from (4.11) as follows:
X r2
(4'12) Da(s)F(s’ X) = Da(s)uZ(x» S)f ul(y’ s)f(y)dys + Da(s)ul(x’ S)f “2()” s)f(y)d#s
An analysis of all the possible choices of the constant p, in the definition of the

boundary conditions (*) shows that if r, is regular and r, is entrance or regular,
either

(4.13) lim Dy, F(s,x) =0
Xx=ra
or ra2
4.14) im D, )F(s,x)= —n f u (¥, 9)f (y)dp,
x=r2 ry

where n > 0, and u,(x, s) is a positive strictly increasing solution of y — Q(s)y =0
such that lim,.,,u,(x,s) and lim,_,, D,u,(x,s) are both finite. In either case
if r, is regular, there exists a positive constant N,(s) such that

(7) Complete details are given in [12].
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4.15) | lifl D,F(s,x)| < N4(s) | f]

for our fixed s.

It follows from (4.7), (4.8), and (4.15) that if r, is regular and r, is entrance or
regular, there exists N(s) > 0 such that for our fixed s,

4.16) | DooFis, ) | < NG [£]]-

Consequently the boundedness condition (4.5) holds and so for r, regular and r,
entrance or regular C,(t,s) is bounded for each ¢t and our fixed s. To complete the
proof of the boundedness of C,(t,s) it remains to consider the case in which r,
is an entrance boundary. In this case, since F(s, ) e Dmn Q(s) and hence satisfies
appropriate boundary conditions, lim,,,,D,F(s,x) = 0 and again the bounded-
ness condition (4.5) holds and forces C(t, s) to be bounded for each ¢ and our
fixed s.

To see that C(t,s) is an endomorphism on X, it remains to show that for
feX, C(t,s)fe X. We see from (4.3) that, to show this, it suffices to note that
&+, 1,9)D,\F(s, ) € X.

To demonstrate that C(t,s) is strongly continously differentiable in ¢t for some
s, we must show that C,(¢,s) actually is the strong derivative of C(t, s) with respect
to t for our fixed s and we must show that C,(t,s) is strongly continuous in ¢ for
our fixed s. In other words we must show that

4.17) lim [C(’ +h, s’)l" ) _ch,5) ] f” =0
h-0

and that

(4.18) lim || [Cdt,s) — Ctors)] f || = O

t=1to

both for all fe X and the fixed s. Computing from (4.2) and (4.3) we have for any
feX,

0< “ [C(t+h,s’)1—C(t,s) —C,(t,s)]f“

419) < “ '/,(.,l+h,szl—'//(',t,s) — U, (-, 1,9) “ " F(s,')—f"

| B RIZO6D 0 i)

and
0= | [Clt,9) — Clto,9)1f ||

(4.20) < 69 =¥ 10,9 || || Fis,) = £
+ " ¢t('a t,s) — ¢1(‘,to’s) ” " D,(S)F(S,") ”
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Since || F(s,") —f|| £2|f| and (4.16)holds, it follows from (4.19), (4.20) and
condition E that C(t,s) is strongly continuously differentiable in ¢ for some s.
In fact, it follows that C(t,s) is even uniformly differentiable and that Ct,s)
is even uniformly continuous.

5. Conditions implying C, for one exit or one regular boundary with reduced
operator Q(t) = DD, ).

LemMA 5.1. (a) If Q(t) = DD,y and r; is an exit boundary and r; (i#j;
i,j = 1,2) is exit or natural, then conditions A, C, F,, F,, F3, G; and H imply
condition Cy: C(t,5) = [I — Q][I — Qs)]™" is strongly continuously differen-
tiable in t for some s.

(b) If Q) = DyyDy(ry and r; is an exit boundary and r; (i#j; i,j =1,2) is
regular or entrance, then conditions A, C, F;, F3, G; and H imply condition C,.

In both case (a) and case (b) the domain of Q(¢) is independent of ¢t (Lemma
(3.2)) so as in §4, C(t,s) is in an endomorphism on X for each ¢,s. Fix s at that
value for which E and H hold. As before for fe X, we have equations (4.2) and
(4.3). The proof of Lemma (5.1) proceeds in much the same manner as the proof
of Lemma (4.1). Again we nominate a candidate C/(t, s) for the strong continuous
derivative of C(t,s). Again, we show that C(t,s) is an element of E(X), is the
strong derivative of C(t,s), and is such that C(t,s) is strongly continuous.

In this case, however, we work with a different expression for C,(t, s)f obtained
by replacing D, F(s,*) in (4.3) by an equivalent taken from equation (4.17).
Explicitly, from (4.17) we have,

(5.1) Dy F5%) = Dy Fls,0) + | TFGs. ) — ) ]dns.
0

So (4.3) yields the following expression for C(t,s)f(x):
C(t,;)f(x) = — Ylx,t,5) [F(s,x) — f(x)]
(52) - ¢,(X, L s)Da(s)F(sa 0)

—$tys) f " LFG, 3) - £0) ]
(1)

Again the proof of the boundedness of C,(t,s) for the fixed s poses the biggest
problem. In demonstrating this boundedness we integrate equation (5.1) over
(x,r,] where x € (0, r,) is equal to the x, of condition G, (analogous considera-
tions may be made for r,) and obtain

r2

lim F(s,y) — F(s,x) = [D,(S)F(s, 0)do,
(5.3) y=ra v

+ f }0 [FG, ) — f(5)]dusdo, .
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Since r, is exit, the integrals on the right of (5.3) exist and lim,.,,F(s, y) = 0.
So (5.3) yields

—Fs,x) = [ Jo [F(s,9) ~f()]dpdo,

(5.4) DU(S)F(S’ 0) = j.rz dO’s

This expression for D,,F(s,0) can be used in (5.2), and the hypotheses of the
lemma are readily seen to force the boundedness of C(t,s) for the fixed s. If r,
is the exit boundary instead of r,, we integrate equation (5.1) over [ry, x) where
x€(ry,0) is the x, of condition G;.

The fact that C(t, s) is the strong derivative of C(t, s) and is strongly continuous
follows directly from (5.2) since { and ¢ are strongly continuously differentiable.

As in Lemma 4.1, the method of proof used shows that C(t,s) is the uniform
derivative of C(t,s) and that C,(t,s) is uniformly continuous.

COROLLARY. (a) If Q(t) = D,)D,(ry and r; is regular, and if r; (i#j; i, =1,2)
is exit or natural, then conditions A, C, F;, F3, G; and H imply Cj,

(b) If Q(t) = D,yD,(ry and r, is regular, and if r; (i#j; i,j = 1,2) is regular
or entrance, then conditions A, C, F5, G;, and H imply C,.

Here equation (5.4) is replaced by

(5.4)’ D, 5)F(s,0) = F(s,ry) — F(s,x) — in ‘{; [F(s, y) — f)]dp.da,

and the proof is analogous to that of Lemma 5.1.

6. The general operator. Let us now direct our attention to the general
operator

(6.1) Q(t) = D“(,)Dg(‘) + C(x, t)

where c(x, ) satisfies condition D: for each t, ¢(-,t) < 0 and is continuous on the
closed interval [ry,r,], and c(-,t) is strongly continuously differentiable in t
with strong derivative c,(-,t)e X for each t. By slightly modifying the proofs of
Lemmas 3.1, 3.2, 4.1 and 5.1, one can readily prove that these lemmas are also
true for the general operator (6.1). Indeed if ¢(-,t) £ 0, the key equations used in
the proofs of these lemmas are modified by the addition of one to three terms
involving ¢(-,t), and these additional terms fall in line with the proofs presented
by virtue of the fact that c¢(x, t) satisfies condition D. For example, if ¢(-, ) #0,
equation (3.3) is replaced by

(3.3) Q(s)u = Y(+, 8, O)DyyDyeytt + (-, 5,0)D,yyut + (-, S)u,

and the key expressions for C(t,s)f and C(t,s)f become

(4'2)1 C(ta S)f= F(S, ') - ll/(. s 1 S) [F(S, ) —f] - ¢( 5t S)D,(,)F(S, ')
+¥(,1,89)c(+,5)F(s,*) — (-, OF(s, ")
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and

(4.3)/ Ct(t’ S)f= - '//t(' sty S) [F(S, ') _f] - ¢t(' sty S)D,(S)F(S, )

+ ¢;(‘,t,5)0(' ,S)F(S,') - C,(‘,t)F(S,‘).
In summary we see that the following theorem is true.

THEOREM (6.1). If ry and r, are each regular, entrance, or exit boundaries,
or if one boundary is exit and one natural, or one is regular and one natural,
then in each case any appropriate set of conditions given in Lemmas (4.1) and
(5.1) which implies that C(t,s) = [I — Q(f)][I — Q(s)]™* is strongly continously
differentiable in t for some s also implies that there exists a solution of the
equation

u(x,t) = DyyDyyui(x, ) + c(x, thu(x, t)

where for each te[a,b],u(-,t) is an element of the Banach space X of Defini-
tion 2.1 and where c(x,t) satisfies condition D. The solution is uniquely deter-
mined by the initial value u(x,a) in X.

7. The special case of A(t) = a(x, t)d*/dx® + b(x,t)d/dx. Let us now con-
sider the special case of the operator A(t) = a(x, t)d*/dx? + b(x,t)d/dx where
for each t, a(x,t) >0 and b*(x,f) = b(x,t)/a(x,t) is continuous on the open
interval (r,, r,) with 0 e (r,7,). In particular let us see what the boundary classi-
fications and boundary conditions look like in this special case, and let us discover
what restrictions the conditions of Theorem (6.1) impose on the coefficients of
the equation u,(x,t) = A(t)u(x, t).

As in §2 let
(7.1) B(x,t) = f b*(s, t)ds,
0
(7.2) o(x,1) = J ¢ BN g
and ox )
—_ B(s,t)
(7.3) ux, ) = J; ) e™ds.

Both o(x,?) and u(x,t) are obviously monotone strictly increasing and o(x, t) is
continuous on (r,, r,) for each t since b*(-,t) e C(r,r,) for each t. The J,(f) and
the K(¢) used in the boundary classifications become

ri x 1
— (1) “Ben [ 1 Bew
(7.4) J@=(-1) J; e J; G0 e ds dx
and
ri X
_ i 1 sen[ ,-Ben
(1.5) K@) =(-1) fo e T R

In this case for each ¢
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ri 1
_ 1\ B(x,t)
Ki(t) < + 00> ( l)f —a(x,t) dx < + o
(1]

and
ri

Jit) < + 0= (— 1)‘J e B0y < 4+ 0.
0

The classical boundary conditions become

lim {(1 — p)u(x,t) + (— D'pu(x,t)e?*} = 0 for r; regular,
X ri
lim u(x,t) =0 for r, exit,
(7.6) x-ore 1) i

lim u,(x,)e®*" =0 for r; entrance,

xX=ri
lim u(x,t) = 0 for r; natural
Xri
where i =1 or 2 and p,;€[0,1].
From equations (7.2) and (7.3) we see that conditions B, A, and F; stated in
§2 are satisfied and in fact

dﬂs - 1 2 B(x,s)
(7.7) —dz = _a(x, S) e ,
du, _ a(x, s) £BOD —B(x,s)
(7.8) dn, ~ axn© °
and p
Ot _ _B(x,5),~B(x0)
(1.9) _da, e e .
Consequently
(7.10) ¢(»5,0) = a(-,5)e " "CO[b*(-,5) — b*(-, 1],
. _ a(-,s)
(7'11) 'ﬁ( ’sit)_ a(',t) 9
(1.12) 8050 [ =050 [ zomse®do,
and 0
(7.13) Jz da,=J , e P Vdx,
Define the condition

Ay. For each t, a(-,t) is positive and b*(-,t) is continuous on (ry,r,).
Then referring to the conditions C;, C,, C; listed in §1 and the conditions on g,
and o, listed in §2, the main results established for (t) = D,D,, may be
specialized for A(f) = a(x, £)d*/dx* + b(x, t)d/dx as follows.

LemMa 7.1. In all boundary classifications condition A, implies condition
C,: A(¢) is defined for te[a,b] and has property S (Definition (1.1)) for each t.
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LEMMA 7.2. If both boundaries are regular, both are entrance, or one boun-
dary is regular and one is entrance, A, and C imply C,: the domain of A(t) is
independent of t; and A,, C and E imply condition C;: C(t,s) = [I — A(1)]
-[I — A()]™" is strongly continuously d ifferentiable in t for some s.

LEMMA 7.3. (a) If both boundaries are exit, both are natural, or one boun-
dary is natural and one is exit, Ay, C, F; and F, imply C,. If r; is exit and r,
(i#j; i,j = 1,2) is exit or natural, Ay, C, F,, F,, G; and H imply C;.

(b) If r; is natural or exit and if r; (i #j; i,j = 1,2) is regular or entrance,
Ao, C and F; imply C,. If r; is exit and r; is regular or entrance, Ao, C, F;, G
and H imply C;. "

Lemma 7.4. (a) If r; is regular and if r; (i #j) is exit or natural, A,, C,
F;, G; and H imply C,.

(b) If r;is regular and if r; is regular or entrance, A,, C, E and G, imply C;.
In each case each appropriate set of conditions implying C5 implies the exis-
tence of a solution of the equation

u‘(x’ t) = a(x’ t)uxx(xa t) + b(x’ t)ux(x’ t)

uniquely determined by the initial value u(x,a). Of course if c(x,t) satisfies
condition D, then each set of conditions implying C; is also a set of conditions
implying the existence of a solution of the equation

u,(x, t) = a(x, Hu,(x, 1) + b(x, Hu(x, 1) + c(x, u(x,t)
uniquely determined by u(x, a).

8. Examples. In each specific example it is necessary to determine whether
or not the strong derivatives ¢,(+,1,s) and ¥,(-,1,s) exist. This computation is
frequently made much easier by using a simple criterion. This criterion asserts
that if 9>g/0t* is continuous on [r,,r,] and bounded uniformly in x and ¢, then
the derivative dg /0t exists as a strong derivative.

EXAMPLE 1. As an example of a particular equation u, = A(t)u with coeffi-
cients which satisfy the conditions of Theorem (6.1) even though b(x,?) is dis-
continuous at both boundaries, consider the equation

(8.1) u(x, £) = g (%,0) + (1—__—’;—2 + 311 = x2) ) u(x, )

for xe[— 1,1]. Here
eB(x.t) — (1 _ xZ)IIZet(3x-x3)'

We see that both e?*" and ¢~ B*" are in L(0,1) and in L(— 1,0) so that 1 and
—1 are both regular boundaries. Choose the boundary conditions so that X
is C[—1,1].
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b(x, 1) is clearly continuous on the open interval (— 1,1) for each ¢ so condition
A (82) is satisfied. We have

P(x,5,1) = 3(1 — xH)V2e7*C*"*) (s — 1) and Y(x,1,5) = Y(x,s,1) = 1.

¢(-,s,t) and Y(-,s,7) are both continuous on the closed interval [— 1,1] so
condition C (§2) is satisfied. Both ¢,(-,t,s) and Y(-,t,5) are in C[— 1,1] for
the fixed s and condition E (§2) is satisfied.

EXAMPLE 2. An example of the case in which b(x,f) is discontinuous at an
entrance boundary is given by the equation

#2) W%, = o)+ (527 + 200G = 1) ) w0

where x e[ —1,1], h(t) = 0 for each te[a,b], and d*h/dt?is continuous. Here

eB(xJ) = (x _ 1) eh(t) (x2—2x).

Clearly e®>*" is an element of both L(— 1,0) and L(0, 1). Also e~ 2" e L(— 1, 0).
However, e” 2*" is not an element of L(0,1). Thus, — 1 is a regular boundary
and + 1 is either entrance or natural. In fact, it is readily seen that
e’V [%e™ P09y is in L1(0,1) so + 1 is an entrance boundary.

Condition A, (§7) is certainly true, and

$(x,5,1) = 2¢7"E 29[ h(s) — h(n)],
'p(x3 S, t) = w(x, t, S) = 1.

So, if we choose the boundary conditions so that X is C[— 1,1], ¢(-,s,t) and
¥(-,s,t) are both in X for each s, t. Also for fixed s, by the strong differentiability
criterion

$ix,1,5) = 2¢O "2
and

l//,(‘,t,S) =0

so ¢ -,t,s) and Y(-,1,s) are both in X for each ¢ and the fixed s. It follows that

there exists a solution of (8.2) uniquely determined by the initial value.
ExAaMPLE 3. The case in which b(x,?) is discontinuous at an exit boundary

may be illustrated by the equation

8.3) u(x,t) = u,(x,t) + (1_-l-_x +2h(t) (1 — x) ) u(x,1)

where xe[— 1,1], te[a,b], a 20, and h(f) = 0 for each ¢t with dh/dt*> con-

tinuous. Here both ®™ and e ®*" are elements of L(— 1,0) so — 1 is regular.

e” 25 also an element of L(0, 1), but e®** ¢ 1(0,1). Thus + 1 is either exit

or natural. Since it may be shown that [ le” "™ [*e®0Vdydx < 0, +1 is

actually an exit boundary.
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. The conditions which must be true in order for Theorem (6.1) to hold for
equation (8.3) are A, (§7), and C, E, F,, G, and H (§2). It may be readily shown
that these conditions are all true in this example.

ExaMPLE 4. Now let us examine an example of an operator A(f) whose co-
efficient b(x, f) has a jump discontinuity at some point within [r,,r,] but which
is such that the existence and uniqueness of the solution of u, = A(t)u with initial
value u(x,a) can be ascertained without piecing together two solutions. Let
xe[—1,1] and te[a,b], a = 0. Let

8.4) u(x, 1) = u,(x,t) + 2xtu(x,1) forx <0

’ = u,(x,t) + 2xt + u,(x,1) for x 2 0.
Then

B(x,t) = x*t forx <0

= x*t+3x for x = 0.

We see that e?*Pand e "2 are both in L(0,1) and L(— 1,0) so —1 and 1 are
both regular boundaries. Let

X
o(x) = f e"'z'dy for x <0,
0
= f e"'z“”ay for x 2 0,
o
ulx,t) = e’z'dy for x <0,
o
* 2
= f eIy for x 2 0.
0

Then (8.4) is reduced to the canonical form
Uy = DyiyDo eyt

which holds for all xe[—1,1].
Note that conditions A and B (§2) are both true. Further

o(x,s,t) = 2x P (s—1) for x <0
= 2xe ¥ 1TIE(5 ) forx =0
U(x,s,t) = 1 for xe[—1,1] and s,te[a, b].

Note that lim,_ o+ ¢(x,s,t) =lim,_o- ¢(x,s,t) = ¢(0,s5,1) =0 so ¢(-,s,t) and

¥(-,s,t) are both continuous for all xe[— 1,1] for each s, t. Thus, if we choose

the regular boundary conditions so that X is C[ — 1, 1], condition C (§2) is true.
For fixed s we have
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2
o(x,t,5) = 2xe ¥ ® forx <0

= 2xe ¥ forx=0
and
Yx,1,5)=0.

We see that for the fixed s, ¢,(-,¢,s) and y,(-,t,s) are both continuous for all
xe[—1,1] for each t so condition E (§2) is satisfied. It follows that there exists
a solution to (8.4) uniquely determined by u(x, a).

REFERENCES

1. J. Elliott, Eigenfunction expansions associated with certain singular differential operators,
Trans. Amer. Math. Soc. 78 (1955), 406-425.
2. W. Feller, On differential operators and boundary conditions, Comm. Pure Appl. Math.
8 (1955), 203-216.
3. , On second order differential operators, Ann. of Math. 61 (1955), 90-105.
4. , The parabolic differential equations and the associated semi-groups of transfor-
mations, Ann. of Math. 55 (1952), 468-519.
5. , Zur Theorie der stochastichen Prozesse, Math. Ann. 112 (1936), 113-160.
6. E. Hille, Functional analysis and semi-groups, Amer. Math. Soc. Colloq. Publ. Vol. 31,
Amer. Math. Soc., Providence, R.I., 1948.
7. , The abstract Cauchy problem and Cauchy’s problem for parabolic differential
equations, J. Analyse Math. 3 (1954), 81-196.
8. E. Hille and R. S. Phillips, Functional analysis and semi-groups, Amer. Math. Soc. Colloqg.
Publ. Vol. 31, Amer. Math. Soc., Providence, R.I., 1957.
9. T. Kato, Integration of the equation of evolution in a Banach space, J. Math. Soc. Japan §
(1953), 208-234.
10. ,On linear differential equations in Banach spaces, Comm. Pure Appl. Math. 9 (1956),
479-486.
11. H. P. McKean, Jr., Elementary solutions for certain parabolic partial differential equations,
Trans. Amer. Math. Soc. 82 (1945), 519-547.
12. D. G. S. Stockton, Singular parabolic partial differential equations with time dependent
coefficients, University Microfilms Inc., L. C. Card No. Mic. 58-7667.

UNIVERSITY OF MASSACHUSETTS,
AMHERST, MASSACHUSETTS



